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Abstract

The measurement of the inefficiency of tax systems is examined within
the general framework proposed by Debreu, which treats inefficiency
as the fraction by which inputs could be reduced consistent with the
allowd output. This measure is related to more familiar measurements
of the deadweight loss from taxation. The analysis can be extended
to the measurement of other forms of economic inefficiency, including
production inefficiency and inequality.

1. Introduction

The inefficiency of an imperfect tax system may be seen as a measure
of the degree to which the results of such a structure fall short of
those which could be achieved by a scheme of optimal lump sum taxes
(see Auerbach (1985) for a general survey). This inefficiency is of two
kinds. There is an excess burden imposed on each individual, who
would prefer to pay a lump sum tax of the same amount that he or
she is required to pay in distorting taxes. And there is a social loss
which occurs if optimal lump sum taxes cannot be employed in pursuit

of distributional goals.
Constructions which integrate these two components of inefficiency

have been suggested by, for example, Diewert (1985), Jorgenson and
Slesnick (1984, 1985, 1986) and King (1983). The purpose of this paper
is to demonstrate a simple general framework that facilitates both this
integration and its subsequent decomposition. It differs from these ear-
lier approaches by building on the input-based approach to inefficiency
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proposed by Debreu (1951) which we believe to be clearly more appro-
priate for the analysis of imperfect tax systems. This approach—which
begins from an extremely general concept of inefficiency—illuminates
a number of issues in the measurement of both deadweight loss and
inequality, and shows the relationship between them. Its properties are
explored in more detail in a companion paper (Kay and Keen 1988).

2. The measurement of inefficiency

Consider some process transforming an N -vector z of inputs into an
M -vector z of outputs. A feasible pair (z,z) may be described as
inefficient if it is possible to produce a larger output = from z or the
same oulput = from a smaller input z. Under weak conditions, these
definitions are equivalent, but they point to two alternative natural
measures of inefficiency. One is the additional output foregone, the
other is the unnecessary input utilized. In the specific context of
deadweight loss, this corresponds broadly to the distinction between
Hicks—Boiteux and Debreu-Allais measures drawn by Diewert (1984,
1985).

In general, there is no reason to regard either an input or output
based measure as superior to the other. If we are measuring the
inefficiency of a tax system, however, the output vector = is a measure
of social welfare or household utility, the input vector z one of physical
commeodities. Thus there is a natural metric on z while there is, at
best, an ordering on z.

For this reason we prefer an input-based approach. It may be noted
that the metric of inputs is not wholly free of ambiguity; in particular,
what is the measure of endowment? Is the endowment of leisure twelve,
sixteen or twenty-four hours per day?! In this paper, we follow the
national accounts conventions and define w, the aggregate endowment
of the economy, as that part of the endowment which is traded.

The general analysis of input-based measures of inefficiency follows
the lines set out by Debreu (1951). Given a description of the technol-
ogy relating outputs to inputs employed one can associate with any z a
set Z(z) consisting of all those input vectors such that (z, z) is feasible;

!'Somewhat similar ditficulties arise if resources are nnused—due to unemploy-
ment, for instance., Unewployinent might itself be treated as an inefficiency, and
unemployed resourees treated as part of the econmny’s endowment: alternatively.

one might compute inefficiency by reference only to endowments that are actually
employed. It is issues-of this kind that seem to lie behind the distinction between
‘utilized” and ‘utilizable’ resources wade by Debren (1951, p.285). But while
the analysis that follows is perhaps sugeestive of posszibilities for measuring and
interpreting the losses from unemploviment. these will nob be pursued here: the

focus is entirely on inefliciencies in taxakion.
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the boundary of this input requirements set, denoted 8Z(z), is anal-
~ogous to an isoquant or a Scitovsky curve. It is assumed throughout
that this technology satisfies the following conditions:?

Al Convexity Z(z) is strictly convex, closed and bounded
below, V&

A2 Free disposal {z'>:z¢€ Z(z)} = {' € Z(z)}

A3 Monotonicity {z¢ 8Z(z), z' >z} = {z € Z(z")}
and further that

Ad z>0 Vze Z(z) Vz.

Conditions A1—A3 are of a familiar kind and require little discus-
sion; their economic substance in any particular application should be
transparent. Convexity is essential to the following analysis,® though
striclness is assumed only for clarity of analysis and statement.
Assumption A4 ensures that the measure to be discussed is well de-
fined; though the condition might be weakened, it considerably simpli-
fies the analysis and seems likely to be innocuous in the most obvious
applications.

Pursuing an input-based approach, a feasible pair (z,Z) is said to
be inefficient iff ¢ 8Z(z), and one is led to measure inefficiency
as the distance from Z to 8Z(z). There can be no uniquely correct
metric for this purpose, but when—as in tax analysis—the inputs are
literal commeodities a natural procedure is to measure inefficiency as
p'[z — B] for some choice of reference price vector p® and for some
point 8 in 8Z(z) (appropriate transposition in the formation of inner
products being taken as read throughout). Debreu’s procedure spec-
ifies simultaneously both a reference price vector and counterfactual
input vector.

Note first that by the support theorem there is associated with each
B € 8Z(z) an N-vector p(f) such that

p(B)[z —B] >0, Vze Z(z) (1)

while Al and A2 further ensure that p(#) - 0. The distance between
z and # can then be measured in index form as

d(z,8) = p(B)[z - B/p(B)z > 0. (2)

IThe eonventions here are: z 2 0 means z; 2 0 ¥i: z > 0 means 2 > 0 and
z £ z % 1l ineans z; > Vi,

IWhilst nen-convexity eonld be admitted by defining a measure of ineficiency
directly in the mamner of equations (5) and (18) below, the interpretation that
follow the latter in §4 could not be sustained.
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Following the convention of measuring the distance between a point
and a set as the least of the distances between the point and elements
of the set then leads to the measure of inefficiency

D(z,7)= inf {d(zA)}. 3)

It will be assumed throughout that a minimum is attained in (3), so
that
D(z,2) = {p(z*)z"/p(z")z} (4)

for some z* € 8Z(z). This is the generic form of the measure devel-
oped by Debreu, and will be referred to here as the Debreu measure
of inefficiency.

The Debreu procedure is thus to measure inefliciency by comparing
the actual input with all alternative inputs relative to which the actual
output is efficient, calculating in each case the proportionate difference
in value between actual and counterfactual input (using the shadow
prices associated with the latter) and taking as summary measure
the smallest of these fractions. The measure also has a more direct
interpretation (Debreu 1951):

D(z,z) =1—~ (5)

where v € (—o0,1] is such that z* = 4z € 8Z(z). That is, the Debreu
measure is simply the largest fraction by which the actual input vector
could be scaled down without rendering the actual output vector
infeasible. The scalar v is Debreu’s coefficient of resource utilization.

3. Inefficiency in a taxed economy

The Debreu framework can readily be applied to an economy in which
commodity taxes are imposed. Assume a competiiive market for each
of N commodities. In the taxed economy, consumer prices are ¢ and
producer prices p, so that the vector of commodity taxes is g — p.
There are F firms. A production plan of the f'™* firm is denoted
Yr, its production set Y is assumed convex and to contain the origin.
Outputs are measured positively; the profit earned by f in the taxed
state is thus 7y = pys. There are no external economies, so that the
aggregate production set is ¥ = X;};. Production is efficient, so that
all inefficiency is the result of the misallocation of goods to households.
There are H households. The preferences of each household h are
assumed strictly quasi-concave, and are equivalently characterized by
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an expenditure function e;(g, %) defined on utility levels u; and by a
direct utility function vi(z) defined on consumption . Consump-
tion here is defined as the traded endowment, denoted wy, plus net
trades, so avoiding the need to consider any unobserved component of
the endowment; labour supply, for instance, simply enters negatively in
z,. Household h receives lump sum income of by, from the government,
and owns a claim to a proportion 8}, ; of the profits of firm f. Assuming
non-satiation, the budget constraint on h implies

qrn(g,ur) = en(g ) = by + pwy + Zp0pymy, h=1,...,H. (6)

(There is no loss of generality here in thinking of endowments as being
traded at producer prices; if they are traded at (say) consumer prices,
then b in (6) is to be interpreted as including an offsetting lump sum
tax). Households are assumed to be the only holders of endowments
and shares, so that

E_&w,a, =w [Tﬂ.}

Subhs=1, f=1,...,F (75)

It will also prove convenient to define an aggregate expenditure func-
tion

E(q,u) = Zpen(q,us) (8)

where u denotes the utility allocation (u;); F(q,u) gives the minimum
total expenditure needed to attain the utility allocation u at consumer
prices g. Note too that

E(g,u) = ¢X(q,u) (9)

where X(q,u) is an aggregate of compensated demand functions, de-
fined in the manner of (8).

By definition, z; — wy, is the N-vector of net trades of household
h. In the aggregate, households’ net trades are matched by those of
the production sector, so that

X(gu)-w=y+g (10)

where y = Xfys denotes total private production in the taxed state
and g denotes public production. For simplicity, the analysis below will
not deal with inefliciences relating to public production (and public
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goods): in the counterfactual exercise of evaluating inefficiency it is
to be understood that the taxed state is compared only with alloca-
tions involving the same vector of public production. Given this, no
generality is lost in assuming ¢ = 0. Then (10) becomes

W—X{q,ﬂ}:y, (11)

By Walras® Law, it follows in the usual way from (6), (7) and (11)
that
Znbr = (g — p)X(g,u) (12)

so the government’s budget constraint is satisfied. For the sake of
brevity the framework just deseribed has been kept as simple as pos-
sible: taxes are assumed to be the only source of distortion; prices do
not vary across households or across firms and there are no quantity
constraints in the taxed state; there is no foreign trade. It is not
difficult to relax these restrictions.

It is also convenient to note here the following result, which will be

useful in interpreting the measure of inefficiency derived below.

Lemma. Let {A;,As,...,4,,} be a finite class of sets and suppose
that p supports their sum A = £;4; at a*, so that

pla—a*] >0 Vac A (13)

and that a* = Ea,:-" with a] € A;, Yi. Then p also supports each of
the component sets at a}.

Proof. If p does not support the j'* component set at a] then 3 f; €

A;j such that p[8; —a}] < 0. Define § =} ...af + ;. Then f € 4
but
plB — a*) = p[B; — a}] < 0 (14)

which contradicts (13).

Loosely speaking, the substance of this is that a hyperplane which
supports a sum of sets also supports each of the component sets. The
lemma itself is essentially a variant of Proposition 7 in Malinvaud

(1985, pp.106-7).
4. The welfare loss from taxation

Welfare losses result from taxation if the same level of social welfare
could be attained by using less of the economy’s endowment. It

e
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therefore reflects the costs of misallocation of resources in two senses:
an inappropriate (inegalitarian, if the social welfare function has the
relevant convexity properties) distribution of endowments and a fur-
ther maldistribution from trading at distorted prices.

Define a set {}(u;I') consisting of those aggregate consumption
bundles that can be allocated across households to yield a level of social
welfare at least equal to that of the taxed state: Q(u;T') = {z|3{zs}
such that (i) Zpzy, < z and (ii) I'(v(z)) = [(u)}. It is assumed that T
is quasi-concave (corresponding to a mild egalitarianism),* continuous
and strictly increasing in at least one argument, and that every v, is
strictly concave (implying a decreasing marginal utility of income).’
This ensures that

W(y;T') =Q(u;T) - Y (15)

satisfies the analogues of A1-A3.° and welfare loss may then be mea-

S'I_'I.I'Ed. as

D(u,w;T) = ﬁeg;iﬂ;n{p(ﬂ][w - Bl/p(B)w} (16)
=p*[w-w"] (17)

where p* = p(w*)/p(w*)w. Then from (5) we have
DN(u,w;T')=1—p, (18)

where w* = p_w and p, € (—oo0,1]; the scalar p,. is to be thought of
as a generalized coefficient of resource utilization.

1See for instance Sen (1973).

S Differentiating the familiar necessary conditions for the consumer’s optimiza-
tion problem with respect to income m gives (assuning an interior solution)

Ver(2)2m (g, m) = Am(q,m)q (a1)

where vyr i5s the Hessian matrix of the direct ntility function. =, (g. 1) is the
vector of incowe effects and A (g.m) is the derivative of the marginal utility of
income with respect to income. Premultiplying (al) by #,,(q, ) and using the
adding up condition 2, (q. m)g = 1. it follows that A, (g, m) < 0 if v is negative
definite.

fSomewhat more precisely. the compact sct
W(u) = {we Win) and = < w}

satisfics appropriately redefined analognes of A1-AJ (and the condition of the
lemma); see for instance corollary 4.3 of Arrow and Hahn (1971).
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This measure can be interpreted in terms of more familiar concepts.
By the lemma of §3, p* supports ¥ at some y*; it is also straightfor-
ward to show that there exists some welfare-equivalent allocation u™
such that I'(u*) = I'(u) and p* supports Q;(uy) for all h, where
Qn(un) = {zalva(zn) > us}. Thus

w* = X[p*,u*] — A (19)
and so, recalling (11) and (17),
D(u,w;T) = p* X(q,u) — BE(p*,u") + p*[v" — 9]. (20)
This may be rewritten as
D(uw;T")

= {E{‘I*“) = E(P*l“}} — (g —p)X(q,u)

+{r* +p*w — [ + pw]} + {E(p*,u)} - E(p*,u")} (21)

WhErE '.Fr* = p*y*.

Consider each component of this total measure D in turn. The
first is the amount which consumers would be willing to pay to have
distorting taxes abolished and be permitted to trade at the producer
prices p* which would prevail under a lump sum tax system. The
second term is the revenue which is in practice raised by the imperfect
taxes.” Thus the difference between these two terms is a generalization
of the deadweight loss measure proposed by Kay (1980) for the case
of the single consumer economy with constant producer prices.

The third term—which is ambiguous in sign—is the difference be-
tween the level of aggregate profits = and the value of the endowment
pw evaluated using producer prices of the taxed and untaxed states.
An inegalitarian distribution of income might increase the demand
for caviar, for example, which might be welfare reducing if there
were severe diseconomies of scale in caviar production and/or the
economy’s endowment of caviar were limiled: a high tax on caviar
might be welfare enhancing for the same reasons. If producer prices
are constant, this third term disappears.

TThis is not, quite accurate if tax is raised on net purchases x;, —wy, rather than
on consumnption 2. But Lhe discussion is casily amended by offsetting adjustients
to both the first and second terms in (21).
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The final term in (21) is the sum of households’ equivalent gains
(evaluated at reference prices p*) in moving from the utility allocation
of the taxed state to that of the welfare-equivalent allocation. Since

E(p*,u) — E(p*,u") = p"{X(p",u) - X(p*,u")} (22)

and p* supports Q(u,I") at X(p*,u*) while X(p*,u) € Q(u;T), this
term is nonnegative. Intuitively, it is a measure of the waste implied
by an excessively costly allocation of utilities in the taxed state. For
by its construction E(p*,u*) is the minimum total expenditure needed
to attain social welfare of I'(u),® and in this sense the additional
expenditure (at constant prices) associated with the actual utility
allocation is socially unproductive.

It is tempting to interpret this second component of distributional
inefficiency as a descriptive measure of the extent of inequality in the
taxed state. The difficulty here is that if preferences differ across
households then maximization of the most well-behaved social welfare
function need not imply perfect equality (even when, as here, the
relevant utility possibility set is convex). Though utilities can always
be cardinalized so as to ensure that a welfare maximum is also a point
of perfect equality, this would be to reverse the standard procedures
of welfare analysis: in an exchange economy endowed only with five
star brandy and cheap cigarettes, for instance, one might reasonably
expect the non-smoking drinker to fare rather better at a welfare
maximum than the teetotal smoker. If however v, = v for all A
and I' is symmetric, then «* = (%,%,...,%), where & is the equally
distributed equivalent of utility defined by ['(v*) = I'(%,%,...,%), In
this case E(p*,u)—E(p*,u*) is indeed just a money metric measure of
inequality (see, for instance, Deaton and Muellbauer 1980). Translated
into index form,

{E(p*,u) — E(p*,v*)}/E(p*,u) = A(p*,w;T) (23)

where

* — 1 _ E{Pj_si} o
ACT D) =1~ (75, ep®,un) 44)

is an index of inequality in the manner of Atkinson (1970), though note
that unless preferences are homothetic A(p*,u;T") will generally differ

EThus E(p*, u*) gives the value of the social expenditure function (in the sense
of Pollak 1981) evaluated at prices p* and svcial welfare T'(u).
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from the Atkinson index evaluated at prices of the taxed state (reflect-
ing the possibility of price-dependence discussed in Roberts 1980).
The appearance here of an Atkinson index points to an underlying
similarity between the methodologies of Atkinson (1970) and Debreu
(1951): in each case the strategy is to measure inefficiency in terms of
wasted input, and indeed the original Atkinson index can be derived as
the Debreu measure of inefficiency for a process transforming a given
total of lump sum incomes into a level of social welfare (Kay and Keen

1988).

5. Conclusions

The Debreu framework is a powerful tool for illuminating contested
issues in the measurement of welfare loss. The general principles
outlined can be readily applied in contexts where output-based mea-
sures seem more appropriate although, in the context of imperfect
taxation, the input-based approach of Debreu appears to us the more
relevant one. Our analysis has assumed production efficiency but it
is clear that the general approach can be readily applied to ineffi-
ciency in production (and, indeed, this was the procedure adopted
by Farrell (1957)) and to the many other sources of inefficiency in
real economies: misconceptions by economic agents, missing markets,
untradeable commodities, or monopoly power.
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